We present the results of a study of the three-dimensional XY-model on a simple cubic lattice using the single cluster updating algorithm combined with improved estimators. We h a v e measured the susceptibility and the correlation length for various couplings in the high temperature phase on lattices of size up to L = 112. At the transition temperature we studied the fourth-order cumulant and other cumulant-like quantities on lattices of size up to L = 64. From our numerical data we obtain for the critical coupling K c = 0 : 45420(2), and for the static critical exponents == 1 : 976(6) and = 0 : 662(7).
I. INTRODUCTION
Three-dimensional classical O(N) v ector models are of great interest, both as simplest statistical models with a continuous symmetry and as a lattice version of the scalar quantum eld theory with ( 2 ) 2 -interaction. In particular, the 3D O (2) model, also called the XYmodel, is relevant to the critical behaviour of a number of physical systems, such a s t h e phase transition of superuid 4 He and magnetic systems with planar spin Hamiltonians. Quantitative knowledge of the critical behaviour of the O(N) v ector models is mostly based on the eld theoretic renormalization group techniques at dimension D = 3 [1] and the -expansion [2, 3] . Very accurate values of the critical exponents are among the most successful predictions of these approaches. In addition, the analysis of high temperature series expansions [4] provides estimates for the critical temperature of particular lattice models.
Monte Carlo simulations have also succeeded in providing detailed information about the critical behaviour of the 3D O ( N ) v ector models, but only in the case of the three dimensional Ising model (N = 1) [5, 6] is an accuracy close to that of analytic calculations reached.
The diculty encountered in Monte Carlo simulations with local updates is the critical slowing down near a phase transition. Considerable progress has been achieved during the last 6 years with the development of ecient non-local Monte Carlo algorithms which overcome critical slowing down to a large extent [7] .
In the present paper we extend previous Monte Carlo studies of the 3D X Y model [8, 9] where cluster algorithms [10, 11] were rst applied to simulate this model. These studies were performed on vector computers, using a moderate amount of CPU-time. Since optimal vectorization cannot be reached for cluster algorithms, we used modern RISC stations for the present study. Using about two months of CPU-time we w ere able to simulate larger lattices and reached a considerably better statistical accuracy than in the previous studies. This accuracy allowed us to control systematic errors in the estimates for the critical coupling and the critical exponents. This paper is organized as follows. In section 2 we give the denition of the model and describe the cluster updating algorithm, in section 3 we give our results for the high temperature phase, while section 4 contains our data obtained in the critical region. In section 5 we compare our results with those of previous studies.
II. CLUSTER UPDATE MONTE CARLO OF THE 3D X Y -MODEL
We study the XY-model 
wheres i is a two dimensional unit vector, the summation is taken over all nearest neighbour pairs of sites i and j on a simple cubic lattice and K = J k b T is the coupling, or more precisely, the reduced inverse temperature.
For ferromagnetic interactions J > 0, the XY-model has a second-order phase transition separating a low temperature phase with non-zero magnetization from a massive disordered phase at high temperatures. This phase transition can be viewed alternatively as due to Bose condensation of spin waves [12] or the unbinding of vortex strings [13, 14] .
A major diculty encountered in Monte Carlo simulation at second-order phase transitions is critical slowing down. The autocorrelation time , which is roughly the time needed to generate statistical independent congurations, grows as / L z at criticality, where L is the linear size of the system and z is the dynamical critical expontent. Random walk arguments indicate that local updates like the Metropolis algorithm result in z = 2, which is consistent with the numerical nding for the 3D X Y -model [8] .
In the case of O(N) v ector models, critical slowing down can be drastically reduced, using cluster algorithms [8, 11, 9] .
In the present w ork we employ the single cluster algorithm which w as introduced by Wol [11] . Let us shortly recall the steps of the update. First choose randomly a reection axis in the IR 2 plane. Denote the component of the spins i which is parallel to this reection axis by s k i and that which is orthogonal by s ? i . Then choose randomly a site i of the lattice as a starting point for the cluster C. Visit all neighbour sites j of i. These sites join the cluster with the probability p(i; j) = 1 exp( K(s ? i s ? j + js ? i s ? j j)): (2) After this is done, visit the neighbours of the new sites in the cluster and add them to the cluster with probability p(i; j) which is given above. Iterate this step until no new sites enter the cluster. Now ip the sign of all s ? contained in the cluster.
III. NUMERICAL RESULTS IN THE HIGH TEMPERATURE PHASE.
A. Observables to be measured Let us rst summarize the denitions of the observables that we studied. The energy density is given by the two-point correlation function G(x i ; x j ) = h s ĩ s j i at distance one
The specic heat of the system at constant external eld is dened by the derivative o f the energy density with respect to the inverse temperature. It can be obtained from the uctuations of the energy H = P hi;jisisj
The magnetic susceptibility gives the reaction of the magnetization m = P i2si to an external eld. In the high temperature phase one gets = 1 L 3 hm 2 i; (5) since hmi = 0 .
Cluster algorithms enable one to reduce the variance of the expectation values in the high temperature phase by using improved estimators [15, 16] . The improved estimator of the magnetic susceptibility is given by imp = h 2 jCj ( X i2C s ? i ) 2 i; (6) where jCj denotes the number of spins in the cluster C.
There are two common denitions of a correlation length . The exponential correlation length exp is dened via the decay of the two-point correlation function at large distances exp = lim jx i x j j!1 jx i x j j log G(x i ; x j ) ; (7) which is equal to the inverse mass gap. For the measurement of the exponential correlation length we consider the correlation function
of the translational invariant time slice magnetization O t = P is (x i ; t ). The second-moment correlation length is dened by
with F = b G(k)j jkj=2=L , where b G(k) = P j 2 h exp(ikx j )s 0sj i is the Fourier transform of the two-point correlation function and the magnetic susceptibility. F or more details see for example ref. [17] . The two denitions of the correlation length do not coincide, since in exp only the rst excited state enters, while in the case of 2 nd a mixture of the full spectrum is taken into account. However, near the critical point the two quantities should scale in the same way. As for the magnetic susceptibility there exist improved estimators for the two denitions of the correlation length. The improved estimator of the two-point correlation function is given by hs isj i imp = * 2 jCj ij (C) s ? i s ? j + ; (10) where ij (C) = 1 i f i and j belong to the same cluster C, otherwise ij (C) = 0 [15, 16] . For 2 nd one has to provide a F imp . This is given by the Fourier transform of the improved two-point correlation function [16, 18] (12) The helicity modulus describes the reaction of the system to a suitable phase twisting eld [19] . The lattice denition of the helicity modulus is given by (13) where is a unit vector in x; y or z direction and hi;ji the unit vector connecting the sites i and j [20] .
B. Monte Carlo Simulations
In order to obtain an estimate of the critical coupling K c and determine static critical exponents, we h a v e done 15 simulations at couplings from K = 0 : 4 
and from a binning analysis. These error estimates were consistent throughout. The statistical error of quantities which contain several expectation values we calculated from Jackknifeblocking [21] .
Finite-size eects
We tried to avoid a nite-size scaling analysis. Hence we had to choose our lattices large enough to ensure that deviations of the values of the observables from the thermodynamic limit values are negligible.
We therefore have measured the energy density E, the specic heat C h , the helicity modulus , the exponential correlation length exp and the second-moment correlation length 2 nd for xed coupling K = 0 : 435 and increasing system size L = 4 u p t o L = 32. The results are summarized in Table III . The values of the observables obtained for L = 2 4 and L = 32 are consistent within error bars. Furthermore, the values of the helicity modulus for L = 24 and L = 32 are consistent with 0, which is the thermodynamic limit value of the helicity modulus in the high temperature phase. The correlation length at K = 0 : 435 is approximately 4. Hence we conclude, assuming scaling, that the systematical deviations from the thermodynamic limit are smaller than our statistical errors for L= 6 . This condition is fullled by all the simulation parameters of our runs given in Table I .
Energy density and specic heat
The energy density E shows, as expected, no singular behaviour close to the critical temperature. In the scaling region the specic heat C h should follow C h = C reg +C 0 K c K K c ; (15) where C reg denotes the regular part of the specic heat and is the critical exponent o f t h e specic heat. In order to estimate we did a four-parameter least-square t. However, it was not possible to extract meaningful estimates. The best t to the data leads to K c = 0 : 456(2), = 0 : 23(13) with 2 =d:o:f: 0:93 and the relative errors of the constants are about 100%.
If we x the critical coupling to K c = 0 : 45420 (this is our estimate obtained at criticality) the quality of the t gets worse. Therefore we assumed = 0 and tted the data following
The best three-parameter t to our data leads to K c = 0 : 4543 (4) This result shows that our data for the specic heat, combined with extended ans atze, are compatible with an = 0:007(6) obtained from the hyperscaling relation = 2 D and the estimate = 0 : 669(2) from resummed perturbation series [1] , but have no predictive power for the exponent .
Magnetic susceptibility
For comparison we give i n T able I the results for the standard and the improved susceptibilities. The statistical error of imp is about 3.5 to 8 times smaller than the error of the standard susceptibility. But one should remark that the statistical error of the standard estimator depends very much o n h o w often one measures. In the following we only discuss the results obtained with the improved estimator. In order to estimate the critical coupling and the susceptibility exponent we performed a three-parameter least-square t following the scaling law
We obtained = 1 : 324(1), K c = 0 : 454170(7) and 0 = 1 : 009(2) with 2 =d:o:f: = 0 : 65, when all data are taken into account. In order to test the stability of the results we successively discarded data points with small K. The results of these ts are summarized in Table IV. 2 =d:o:f: remains small and the results for , K c and 0 are consistent within the error bars for all data-sets that we used. But the small 2 =d:o:f: of the ts discussed above, is of course, no proof for the absence of corrections to the scaling. From renormalization group considerations [22] one expects conuent and analytical corrections of the type
; (18) with 1 = !, where is the critical exponent of the correlation length and ! denotes the correction-to-scaling exponent. We tted our data according to the scaling law with corrections. Since a t with 6 free parameters is hard to stabilize, we xed the critical exponents to the values = 1 : 3160(25), ! = 0 : 780(25) and = 0 : 669(2) which are obtained from resummed perturbation series [1] . Including all the data points in the t we get K c = 0:454162(9), 0 = 1 : 058 (7), conf: = 0:16 = (6) and anal: = 0 : 18 (10) (20) with corrections. We repeated the analysis as done above. Taking all 15 data points into account w e get for the simple scaling t a 2 =d:o:f 61:2. We again subsequently discarded data points with small K. A summary of the results is given in Table V The results for K c , 0 and conf of the ts according to the ans atze (18) and (20) are consistent within the error bars. The ambiguity b e t w een the ansatz with K as variable and that with T as variable is covered by the analytic corrections. We conclude that the scaling ansatz (17) ts well if one chooses the coupling K as the variable. But we also learned that a small 2 =d:o:f: does not exclude systematic errors, due to corrections to the scaling, that are larger than the statistical ones. Hence it is hard to give nal estimates obtained from the simple scaling ansatz that also take systematic errors into account. From the ansatz with corrections to the scaling we obtain, assuming = 1 : 3160(25) and 1 = 0 : 52182, the results K c = 0 : 454162(13), 0 = 1 : 058 (22) and conf: = 0:16 (11) , where the uncertainty o f is taken into account.
We also like to emphasize that the Wegner amplitude conf: is negative for the ts that take corrections into account. This is in agreement with a eld-theoretical renormalization group calculation of Esser and Dohm, which predicts the conuent correction-to-scaling amplitude to be negative for a nite cut-o [23] .
Correlation length
We extracted exp from the large distance behaviour of the improved time slice correlation function eq. (8) . We therefore considered the eective correlation length, dened by eff (t) = ln G(t 1) G(t) ; (21) where for brevity w e h a v e suppressed the contribution due to periodic boundary conditions. As an example, we show in Fig. 1 the results for eff (t) obtained on a 112 3 lattice at K = 0 : 452. A single state dominates the correlation function and a plateau sets in around t = exp =2 and extends to t = 3 exp , with no visible degradation due to increasing statistical errors at large t. As our nal estimate for exp we took self-consistently eff (t) at the distance t = 2 exp . In order to calculate 2 nd we used the improved version of eq.(9). The advantage of this denition is that no t is needed to obtain the correlation length. The data of exp and 2 nd are given in Table II . The deviation of 2 nd from exp is about 1% for K = 0 : 40 and becomes smaller than 0:1% for K 0:448.
Since the dierence of exp and 2 nd is so small, we will discuss only the results of exp in the following. First we did a three-parameter t for exp following the simple scaling ansatz
The results are given in Table VI . Taking all data into account, the t has a large 2 =d:o:f of about 9. Starting with three data points with small K being discarded, the 2 =d:o:f: is close to 1. But still the critical exponent and the critical coupling systematically tend to smaller values. If we t the data to the simple scaling ansatz (22) , where the coupling is replaced as variable by the temperature, a similar behaviour is observable. The results are shown in Table VII . Here one also has to discard three data points to obtain a 2 =d:o:f: close to 1. But now the estimates of the critical exponent and the critical coupling start at lower values and tend to larger ones.
This indicates that corrections to the simple scaling ansatz have t o b e t a k en into account. Therefore we h a v e tted all data to the scaling relation with corrections given by
whereas, in the case of the magnetic susceptibility, 1 = !. The four-parameter t to all data points with the critical exponents xed to the resummed perturbation series estimates leads to K c = 0 : 454167(10), 0 = 0 : 498(2), conf: = 0:10(2) and anal: = 0:07(4) with 2 =d:o:f: 0:63.
We also made a four-parameter t to the scaling relation with corrections where the coupling is replaced by the temperature. This leads to K c = 0 : 454165 (10) In summary, w e conclude that systematic deviations from the simple scaling ansatz (22) due to corrections to scaling are important for the analysis of the correlation length data in the coupling range that is accessible to Monte Carlo simulations. Thus it is hard to obtain accurate estimates for the critical exponents and the critical coupling from such a n approach.
IV. NUMERICAL RESULTS AT CRITICALITY
On lattices of the size L = 4 ; 8 ; 16; 32 and 64 we performed simulations at K 0 = 0 : 45417 which is the estimate for the critical coupling obtained in the previous section. As in the high temperature simulation the statistics are given in terms of N measurements taken every N 0 update steps. We h a v e c hosen N 0 such that on the average the lattice is updated approximately twice for one measurement. The results of the runs are summarized in Table  VIII. A. Phenomenological Renormalization Group First we determined the critical coupling K c and the critical exponent employing Binder's phenomenological renormalization group method [24] . In addition to the fourthorder cumulant dened on the whole lattice we also studied cumulants dened on subblocks of the lattice. Therefore let us rst introduce blockspins
where L B is the size of the block and 1=2(D 2) is the canonical dimension of the eld. In particular we studied the fourth-order cumulant
for L B = L; L=2 and a nearest neighbour interaction on subblocks
for L B = L=2. For the extrapolation to couplings K other than the simulation coupling K 0 , w e used the reweighting formula (27) where i labels the congurations generated according to the Boltzmann-weight a t K 0 . W e computed the statistical errors from Jackknife binning on the nal result of the extrapolated cumulants. The extrapolation only gives good results within a small neighbourhood of the simulation coupling K 0 . This range shrinks with increasing volume of the lattice.
For suciently large L B the cumulants have a non-trival xed point at the critical coupling. When one considers the cumulants as a function of the coupling, the crossings of the curves for dierent L provide an estimate for the critical coupling K c . As an example we show in Fig. 2 
where ! is the correction to scaling exponent [24] . Our data for the crossings of the cumulants did not allow us to perform a two-parameter t, keeping the exponents xed, following the above formula. Within the statistical errors the results of the crossings of the fourth-order cumulants on L = 8 and L = 1 6 u p t o L = 3 2 a n d L = 64 are consistent. The convergence of the crossings of NN towards K c seems to be slower than that of the fourth-order cumulants, but it is interesting to note that the K cross for the fourth-order cumulant and NN come from dierent sides with increasing L. This is shown in Fig. 3 , where the estimates of K cross versus the lattice size L are plotted. Our nal estimate for the critical coupling is K c = 0 : 45420(2) obtained from the L = 32 and L = 64 crossing of the fourth-order cumulant on the full lattice. Taking into account the fast convergence of the crossings towards K c , that is predicted by (28), we conclude that the systematic error of our estimate for K c is smaller than the given statistical error. At the critical coupling K c the cumulants converge with increasing lattice size L to a universal xed point. The convergence rate is given by [24] U L (K c ) = U 1 (1 + const:L ! ) : (29) The results for the cumulants at K = 0 : 45420 , which is our estimate of critical coupling, are given in Table X . The data did not allow us to perform a two parameter t with ! being xed. Hence we take the value U L (K c ) = 0 : 589(2) form L = 64 as our nal estimate for the xed point of the fourth-order cumulant on the full lattice, where we n o w h a v e taken into account the uncertainty of the estimated critical coupling. We extracted the critical exponent of the correlation length from the L dependence of the slope of the fourth-order cumulant at criticality [24] . According to Binder, the scaling relation for the slope of the fourth-order cumulant is given by @U(L; K) @K Kc /L 1= : (30) We e v aluated the slopes of the observables A entering the cumulant U according to @hAi @K =hAHi h A ihHi; (31) where A is an observable and H is the energy. The statistical errors are calculated from a Jackknife analysis for the value of the slope. First we estimated the exponent from dierent lattices via
The results are given in Table XI . The estimates for stemming from U L and U L=2 are stable with increasing L and consistent with each other for L 16 . Therefore we performed a t according to eq.(30) with U L from lattices of the size L = 1 6 u p t o L = 64. We consider the result = 0 : 662(7) as our nal estimate for the critical exponent of the correlation length.
B. Magnetic Susceptibility
In order to estimate the ratio = of the critical exponents we studied the scaling behaviour of the magnetic susceptibility dened on the full lattice and on subblocks. The dependence of the susceptibility on the lattice size is given by / L = (33) at the critical coupling. We h a v e estimated =from pairs of lattices with size L 1 , L 2 . The ratio is then given by = ln((
The second column of Table XII shows the estimates of the ratio obtained from the susceptibility dened on the full lattice, while the third column shows the estimates obtained from the blockspin-susceptibility with subblocks of the size L=2. The estimates for = obtained from the subblocks monotonically increase with increasing lattice size L, while those obtained from the full lattice decrease. The results obtained from the full lattice for L 16 and the result from the subblocks of the largest lattices are consistent within error bars. Hence we take = = 1 : 976(6) as our nal result, where statistical as well as systematic errors should be covered. Using the scaling relation = 2 w e obtain for the anomalous dimension = 0 : 024(6).
C. Hyperscaling and specic heat at the critical point. Remember that y u is negative for an irrelevant scaling eld. At K c = 0 : 45420, which w e obtained from the analysis of the fourth-order cumulant, we h a v e tted 2 nd to this relation. The reweighted estimates of 2 nd are shown in Table XIII . Taking lattices of size L = 1 6 u p t o L = 6 4 i n to account w e estimate qy u = 0 : 007(2) with 2 =d:o:f: 0:3 and only statistical errors considered. This indicates that there is no or only very small hyperscaling violation due to a dangerous irrelevant eld.
At criticality the specic heat should scale as
where C reg denotes the regular part of the specic heat and is the critical exponent o f the specic heat. Using the critical exponent = 0 : 662 (7) obtained from the analysis above the hyperscaling relation = 2 D gives = 0 : 014 (21) . We also tried to estimate via a three-parameter t, following the nite-size scaling relation. However, we are not able to give a stable estimate for .
D. Helicity modulus
The 3D X Y model is assumed to share the same universality class as an interacting Bose uid, and the helicity modulus should be proportional to the superuid density % s of the Bose uid [19] . Near the critical coupling the superuid density, resp. the helicity modulus should scale as % s / / j K K c j v ; (37) with v the critical exponent of the superuid density. Assuming hyperscaling the Josephson relation reads v = ( D 2) [19] . Hence the product L = const (38) should stay constant at the critical point i n 3 D . T o c heck this prediction we h a v e measured the helicity modulus on lattices of size L = 4 t o L = 32. The estimator of L becomes noisy with increasing lattice size. We tried to overcome this problem by measuring more often, which did not remove the problem completely. Hence we skipped the measurement o f for L = 64. The results, shown in Table XIII , indicate that the above relation holds.
E. Performance of the Algorithm
The eciency of a stochastic algorithm is characterized by the autocorrelation time 
We calculated the integrated autocorrelation times with a self-consistent truncation window of width 6 for the energy density E and the magnetic susceptibility for lattices with L = 4 up to L = 64 at the coupling K = 0 : 45417. In Fig. 4 we show a log-log plot of the integrated autocorrelation times of the energy density E and the magnetic susceptibility versus the lattice size L given in units of the average number of clusters that is needed to cover the volume of the lattice. Our estimates for the critical dynamical exponents are z E = 0 : 21(1) and z = 0 : 07(1) taking only statistical errors into account. These results are consistent with those of Janke [9] .
Finally let us briey comment on the CPU time: 160 single cluster updates of the 64 3 lattice at the coupling K = 0 : 45417 plus one measurement of the observables took on average 26 sec CPU time on a IBM RISC 6000-550 workstation. All our MC simulations of the 3D XY model together took about two months of CPU-time.
V. COMPARISON OF OUR RESULTS WITH PREVIOUS STUDIES
In Table XIV we display estimates of critical properties of the 3D X Y -model obtained by various methods. Our estimates of K c from the scaling t to the high temperature data and from the penomenological RG approach are consistent within 2 standard deviations. But only for the result from the phenomenological RG approach are the systematical errors fully under control. Our error of K c is about 4 times smaller than that of previous MC studies [8, 9] , and also about 4 times smaller than that obtained recently [26] from the analysis of a 1 4 th order high temperature series expansion [28] . Recently Butera et al. [27] extended the high temperature series expansion for the sc lattice to the order 17. Their value for the critical coupling is by three times their error estimate smaller than our value.
The error of obtained from a t to the simple scaling ansatz is about 5 times smaller than those of previous MC studies [8, 9] ; however, the systematical errors are not under control. The value of is, within two standard deviations, consistent with the estimate of Ref. [9] . Our estimate of is consistent with the value obtained from the high temperature series expansion [25{27] and, within two standard deviations, consistent with the value of the -expansion [3] while the very accurate estimate from the resummed perturbation series [1] is smaller than our estimate by three times the quoted error.
Our estimate for is consistent within error bars with all other estimates we quote in Table XIV . Our quoted error bars are 3.5 times larger than that of ref. [9] . Janke used nite dierences to determine the slope of the cumulant [29] , while we used uctuations at a single temperature (31) . Furthermore the smallest lattice size L = 16 included in our t is chosen to be rather conservative. The most accurate number for stems from the measurement o f the superuid fraction of 4 He [30] .
In this work we give for the rst time an accurate direct MC estimate for the exponent , the anomalous dimension of the eld. The uncertainty of the estimate is comparable with those obtained with eld theoretical methods. Our value of the exponent is consistent with the estimates from the high temperature series expansion [25, 26] and with that of the resummed perturbation series [1] , but is smaller than the -expansion [3] result by more than twice our error estimate.
Our result for the critical fourth-order cumulant, is consistent with previous MC results [8, 9] . But the value obtained from -expansion [31] is o by about 20 times our error estimate that also takes into account systematic errors. Furthermore we provide estimates for the critical fourth order cumulant on subblocks and a nearest neighbour blockspin product NN. These numbers might be useful in testing other models sharing the XY universality class.
VI. CONCLUSIONS
The application of the single cluster algorithm [11] , which is almost free of critical slowing down for the 3D X Y model, and the extensive use of modern RISC workstations allowed us to increase the statistics as well as the studied lattices sizes considerably compared with previous MC simulations [8, 9] . In the high temperature phase of the model we measured correlation length up to 17.58 with an accuracy of about 0.1%. But the analysis of our data for the correlation length and the magnetic susceptibility showed that it is hard to control systematic errors due to conuent and analytic corrections. It seems to be much easier to ght the systematic errors in the phenomenological RG approach. Analytic corrections are absent at the critical point and corrections to the scaling are less harmful, since the relevant length scale at criticality is the lattice size, which can be chosen much larger than the correlation length in the thermodynamic limit of the high temperature phase. >From the crossings of the fourth-order cumulant w e obtain K c = 0 : 45420(2), which reduces the error by a factor of about 4 compared with previous MC studies [8, 9] . Further improvements of the accuracy of the estimates of the critical coupling and critical exponents seem to be reachable by just increasing the statistics, while keeping the present lattice sizes. The accurate values obtained for critical cumulants could be very useful for testing whether other models share the XY universality class. Here of course a proper block-spin denition is essential. 
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